u(0, x) = f 1 (x), ∂ t u(0, x) = f 2 (x), x ∈ Ω, (1) where B denotes either Dirichlet or Neumann boundary conditions. Define the local energy of the solution of (1) as follows
where χ ∈ C ∞ (Ω), χ = 0 outside some compact. Denote by G the selfadjoint realization of ∆ g on the Hilbert space H = L 2 (Ω, dVol g ) with boundary conditions Bf = 0. Then the solution u of the equation (1) can be expressed by the
G. VODEV
We will say that the Generalized Huyghens Principle (GHP) for the equation
(1) holds if for every function χ ∈ C ∞ (Ω) of compact support, there exists T > 0 such that the distribution kernels of the operators χ cos T √ G χ and
It follows from the results of MelroseSjöstrand [3] , [4] on propagation of C ∞ singularities that GHP holds for nontrapping metrics. Recall that the metric g is said nontrapping if every generalized geodesics (see [3] , [4] for the definition) leaves any compact in a finite time.
Vainberg [5] , [6] proved the following Theorem 1. Assume GHP fulfilled. Then, for t 1, the following estimates
provided f 1 and f 2 are of compact support, where
Vainberg's proof is based on the fact that GHP implies that the cutoff re-
extends analytically (if n ≥ 3 is odd) to the strip Im λ ≤ γ 0 , γ 0 > 0, has a logarithmic singularity at λ = 0 if n is even, and satisfies in this region the
There are several open problems concerning Vainberg's result stated above. The first one is to see if one still has estimates like (3) for more general Riemannian metrics as for example longe-range perturbations of the Euclidien metric, or for perturbations by long-range potentials. Another intersting question is to ask if GHP implies estimates analogues to (3) for E s (t) even in the setting described above. The purpose of this work is to study this kind of problems. We will state our main results in the case of the Scrödinger operator ∆ g + V (x), where the metric g is as above and V is a real-valued, non-negative, long-range smooth potential. Note that the same results still hold for more general Riemannian metrics on a large class of non-compact complete Riemannian manifolds. The proofs as well as more details are presented in the article [7] .
Denote by G the self-adjoint realization of the operator ∆ g + V (x), where
We will be interested in studing the following mixed problem
where ϕ ∈ C ∞ (R), ϕ(σ) = 0 for σ ≤ a, ϕ(σ) = 1 for σ ≥ a + 1, a > 0 being a large constant to be fixed later on. The potential V satisfies
with some constants C > 0, 0 < δ ≤ 1, where r denotes the radial variable.
Given a real s > 0, we define E s (t) for the solution to (4) as above, and E −s (0)
by replacing in the definition of E(0) above dx by x 2s dx with f 1 and f 2 being as in (4) . Our main result is the following Theorem 2. Assume (5) and GHP fulfilled. Then, if the parameter a above is taken large enough, we have, for t 1,
In particular, if f 1 and f 2 are of compact support, we have
Note that the estimates (6) and (7) hold for more general asymptotically
Euclidean manifolds (see [7] ).
G. VODEV
The proof of Theorem 2 is based on the following properties of the resolvent of G.
Proposition 3. Assume (5) and GHP fulfilled. Then, for every s > 1/2, there exist constants C 0 , C > 0 such that for z ≥ C 0 , 0 < ε ≤ 1, we have
Moreover, we have with s = 1 + δ/2 and ∀ 0 < µ < δ, z ≥ C 0 ,
Note that the parameter a above can be taken a = √ C 0 . It is worth also noticing that a better rate of the energy decay can be achieved if one has information for higher negative powers of the resolvent. More precisely, we have the following Proposition 4. Suppose that there exist s > 1/2, an integer m ≥ 0, 0 < µ ≤ 1,
Then, we have (with a = √ C 0 ), for t 1,
Remark. If (10) holds for every integer k ≥ 1 with s = s k > 1/2 and C = C k > 0, then (13) holds with O N t −N , ∀N 1, in the RHS.
The proofs of the above results can be found in [7] .
